Abstract. Presented is a rigorous mathematical formulation of boundary value problems defined on discrete systems described by mathematical graphs. The formulation is applicable to mechanical and physical problems and includes an effective algebraic framework and efficient computational implementation. Mechanical problems involving damage initiation and evolution are soled to illustrate the proposed method. It is concluded that the graph-theoretical approach to discrete systems offers substantial benefits in terms of conceptual clarity and computational efficiency.
Introduction
Representing materials sub-continuum structures with mathematical graphs, or 1-complexes as they are known in algebraic topology, takes inspiration from the classical mechanics of atom interactions. A specific structure, e.g. a set of grains forming a polycrystalline material, which can be generally represented with a 3-complex with cells, faces, edges and vertices, is simplified or reduced to a 1-compex (a graph) by a problem-specific selection of vertices or sites and edges or bonds. There is a considerable body of research where beams [1, 2] and springs [3, 4] have been investigated as bonds in order to capture the mechanical response of materials at different scales. The attraction of graph-based, also known as lattice, models is their discrete nature, which allows for modifying the behavior of individual bonds or sets of bonds to capture heterogeneity at microstructural level, e.g. by incorporating measurable features of variable sizes, such as pores or particles, and measurable properties of variable magnitudes, such as elastic constants or grain boundary excess energies. Further, specifically for deformation and fracture analysis, the discrete representation allows for capturing explicitly micro-crack initiation, growth and coalescence through bond deletion. It is worth noting that lattice models are not limited to mechanics but have also been used for analysis of heat and mass transfer in solids [5, 6] , and transport through porous media [7, 8] . Finally, the graph-based approach offers substantial computational efficiency compared to representations with 3-complexes, which can also incorporate spatially distributed features and properties, but at this stage require substantial new developments for analysis of damage evolution.
The aim of this work is to present a rigorous mathematical description of graphbased models of materials structures and their analysis, applicable to any field of study. Proposed is a new formulation of boundary value problems on graphs and associated efficient numerical approach for construction and analysis of such problems. This is implemented in a C++ library capable of tracking topological and geometric modifications arising from various physical and mechanical problems. Numerical examples illustrating the benefits of the proposed framework are given at the end.
2
Analysis on graphs
Mathematical basis -graph topology
An abstract graph = , is a tuple of finite sets and , where elements ! ϵ , called edges, are pairs of elements ! ϵ , called vertices. For the purposes of this work we consider only graphs, for which elements of are unordered and distinct pairs ! , ! with ≠ , i.e. undirected graphs without multiple edges and loops. The number of vertices is given by = and edges by = . A graph from the class considered here can be equipped with orientation by specifying an arbitrary but fixed order of the vertices of each edge ! = ! , ! ϵ , e.g. by selecting ! to be the first vertex (origin, denoted by ! = ! ) and ! to be the second vertex (terminus, denoted by ! = ! ), the oriented edge is ! = ! , ! . The topology of an oriented graph can be encoded into a × matrix , referred to as the incidence matrix, with the following components
(1)
The significance of the incidence matrix cannot be overemphasized, as together with the graph topology it provides the boundary operator on nodes, while its transpose provides the boundary operator on edges. Specifically, for a discrete function over nodes , the boundary operator gives a discrete function over edges , computing the differences between nodal values at edges, hence a discrete gradient. Inversely, for a discrete function over edges , the transposed boundary operator gives a discrete function over nodes , computing the algebraic sums of edge values at nodes, hence a discrete divergence. Thus the incidence matrix establishes the basis for analysis on graphs.
Geometry and physics -graph metric
Formulation of mechanical or physical problems on graphs requires a geometric realisation of , i.e. embedding the graph into a metric space, for example ℝ ! , by associating a point (coordinates) ϵ ℝ ! with every vertex ! ϵ . If the edges are considered as straight segments described by = − 1 − , ∈ 0,1 , the embedding induces a standard graph metric, given by edge lengths ! = − for
It is required that the embedding does not lead to vertices in the interior of edges, i.e. ≠ − 1 − , for ∈ 0,1 and ∀ , and to edges of zero size, i.e. ! > 0 ∀ . In practice the embedding will be dictated by a specific selection of vertices and edges that represents given material system, so the selection should obey these restrictions. In what follows consideration will be given to embedding in ℝ ! . Each edge ! of an embedded graph can be assigned a triad of unit vectors -tangent, , normal, , and bi-normal, -which can be expressed in local and global coordinate systems by the matrices and , respectively, related by = and = , where is the matrix of direction cosines = = . Further, the incidence matrix is expanded into a 3 ×3 matrix with components
In addition to the geometric embedding, mechanical and physical problems require assignment of edge weights, which represent resistances to the particular phenomenon studied. Clearly they depend on problem-specific intrinsic physical properties, as well as on local geometric characteristics, and are typically specified with respect to the local coordinate system. This requires a weight function → ℝ ! assigning to each edge ! resistances ! , ! , ! in the directions of its unit vectors. Given weight function introduces a metric on the graph, described in the local and global coordinate systems, respectively, by the matrices
It should be noted that for physical problems, such as heat and mass transport, as well as mechanical problems involving spring networks ! ≠ 0, ! = ! = 0, while for mechanical problems with more complex interactions ! ≠ 0, ! = ! ≠ 0. The full graph metric is given by the block-diagonal matrix = diag , , … , .
Boundary value problems -graph analysis
For a given vector-valued function on vertices : → ℝ ! , the product provides the discrete gradient -a vector-valued function on edges : → ℝ ! . The graph metric transforms the discrete gradient into flux vector = , the discrete divergence of which must satisfy equilibrium with external sources, , at nodes, i.e.
= . This leads to the following expression for the equilibrium of the system
where denotes the Laplacian of the weighted graph, which can be shown to be symmetric, positive semi-definite, and singular.
In order to apply boundary conditions, the degrees of freedom of graph vertices = 3 = 3 are sorted into two sets, ! with essential, and ! with natural conditions. This allows for expressing Eq. (4) in the form
where and collect all components with prescribed values, and and collect all components with unknown values. Notably = . Unknowns are found by solving the following two steps
Efficient construction of the sub-matrices can be achieved by splitting the incidence matrix into a matrix containing only ! columns corresponding to the essential boundary conditions, and a matrix containing the remaining ! columns; both matrices have the same rows as . It can be shown that = , = , and = . Proof and procedure details can be found in [9] .
Computational implementation
The algebraic framework for graph analysis described above has been implemented in an in-house code. Of particular interest is to apply the analysis on problems of damage initiation and propagation, which requires handling evolution of the graph topology, e.g. by deleting edges to represent local failures. To this end, a Boost Graph Library (BGL) [10] data structure has been employed to maintain a record of the connectivity information, from which and can be easily extracted. Therefore, if an edge is to be removed during analysis, the matrices can be output from the data structure once again or modified accordingly. The definition of the physics problem is inherent to the matrix , therefore minimal user interaction is required to provide the function associated with each edge.
Given a sufficiently large number of vertices and edges, it can be seen that the oriented incidence matrix and are very sparse. Therefore, a variant of the compressed column storage scheme available in Eigen [11] has been used. Additionally, Eigen is equipped with a number of iterative solvers, of which the conjugate gradient method has been used for tackling the linear form of Eq. (4). For a non-linear Eq. (4), an implementation of Newton's method and Broyden's method [12] has been made.
For a number of problems it is desirable to construct the graph from a set of randomly distributed vertices, with connectivity and other geometric characteristics, potentially required for , determined by the Voronoi diagram around the vertex set. For such cases the Voro++ [13] has been used to obtain the necessary information.
Example problems
Two problems are selected to illustrate the performance of the discrete approach in analysis of damage initiation and fracture: Figures 1 and 2 . For simplicity the graphs are made as regular as the geometry allowed and the edges are modeled as trusses, i.e. with graph metric defined by ! = / ! , ! = ! = 0, where and are the modulus and elasticity and a predefined cross-section (this can be linked to area of the dual face in the Voronoi tessellation if required). Damage initiation and propagation are represented by edge deletion when a critical value of the discrete strain is reached. More details on the procedures used, further examples on physical and mechanical problems and the code developed can be found at [14] . 
Discussion and conclusions
The results presented demonstrate that the computational model is performing well in terms of capturing the initiation and tracking the propagation of fracture, close to the observed or expected behavior. The graph-theoretical approach offers a clear and concise way for describing discrete systems and allows for computationally efficient algorithms to be employed. Further work is necessary to investigate the applicability of the approach to cases with complex interactions.
